Abstract This article deals with the exact solutions regarding heat transfer of viscous fluid over a non-linear radially stretching sheet. The effects of viscous dissipation on the heat transfer characteristics are considered in account in the presence of a transverse magnetic field for two types of boundary heating process namely prescribed power law surface temperature (PST) and prescribed heat flux (PHF). Similarity transformations are used to reduce the governing non-linear momentum and thermal boundary layer equations into a set of ordinary differential equations. The exact solutions of the reduced ordinary differential equations are developed in the form of confluent hypergeometric function and graphically sketched to see the influence of pertinent parameters on the temperature profiles. In addition the results for the wall temperature gradient (Nusselt number) are also presented in graphical form and discussed in detail. It is found that Prandtl number decelerates the temperature profiles in both PST and PHF cases. Thermal boundary layer thickness increases by increasing the Eckert number. 
Introduction
The boundary layer flows and heat transfer mechanism over a stretching sheet have been investigated during the last few decades due to its significant applications in industrial and technological processes, for instance manufacturing of glass fiber, drawing plastic sheets, cooling and drying of papers, polymer melts. These processes highly depend on the heat transfer at the stretching surface. Crane [1] the pioneer of this work presented closed form exact solution of incompressible viscous fluid over planer stretching sheet. Wang [2] examined the exact solution of stretching problem into three dimensions. Alinejad and Samarbakhsh [3] examined the effects of viscous dissipation on viscous fluid flow over a non linearly stretching sheet. Sharma [4] studied the effects of viscous dissipation and heat source on unsteady boundary layer flow and heat transfer over a stretching sheet in a porous medium. Qasim [5] studied the combined effects of heat and mass transfer in a Jaffrey fluid over a stretching sheet and obtained the exact solution of the governing problem. Jat and Chand [6] analyzed the MHD flow and heat transfer over a exponentially stretching sheet with viscous dissipation. Cortell [7] reported the effects of viscous dissipation and work done by deformation on the MHD flow and heat transfer of a viscoelastic fluid over a stretching sheet. Heat and mass transfer of unsteady natural convection flow of some nanofluids past a vertical plate with radiation effect has been analyzed by Turkyilmazoglu [8] . Hamid and Ferdous [9] investigated the flow and heat transfer in a viscous nanofluid over a nonlinearly stretching sheet. Recently Ahmed et al. [10] obtained the exact solution for convective heat transfer in an MHD Jaffrey fluid over a stretching sheet with viscous dissipation in the presence of internal heat source and thermal radiations. Boundary layer flows and heat transfer over stretching surfaces have been investigated by many researchers [11] [12] [13] [14] [15] with various aspects.
Literature study infers that much more attention has been paid on heat transfer of fluid flow over a planner stretching; however, few studies regarding the radially stretching have been carried out. Sahoo [16] studied the influence of a partial slip on the axisymmetric flow of an electrically conducting viscoelastic fluid over a radially stretching sheet. Sajid et al. [17] presented the series solution for unsteady axisymmetric flow and heat transfer over a radially stretching sheet. Hayat et al. [18] obtained the homotopic solution for MHD axisymmetric flow of third grade fluid between stretching sheets with heat transfer. Shahzad et al. [19] examined the axisymmetric flow and heat transfer over a nonlinear radially stretching sheet for exact solution. Khan et al. [20] studied the MHD flow and heat transfer of a viscous fluid over a radially stretching power-law sheet with suction/injection in a porous medium. Ali et al. [21] investigated analytically as well as numerically the axisymmetric flow of viscous fluid with partial slip condition. Shateyi and Makinde [22] studied the hydromagnetic Stagnation point flow of a viscous fluid towards a radially stretching convectively heated disk by spectral relaxation method. Khan et al. [23] studied magnetohydrodynamic flow and heat transfer of Sisko fluid over a radially stretching sheet with convective boundary conditions analytically by HAM and numerically by shooting technique. Hayat et al. [24] considered the problem of MHD stagnation point flow of Jeffrey fluid by a radially stretching surface with viscous dissipation and joule heating.
Keeping in mind, the aim of this study was to investigate the MHD axisymmetric boundary layer flow and heat transfer over a nonlinear radially stretching sheet with viscous dissipation. Similarity transformations are used to convert the governing nonlinear partial differential equations into nonlinear ordinary differential equations. A closed form exact analytic solutions for the heat transfer are established in the form of confluent hypergeometric function for two general cases namely prescribed surface temperature PST case and prescribed heat flux PHF case. Graphical results for various values of governing physical parameters are revealed to gain thorough insight towards the physics of the problem. One can also find the solution of the governing nonlinear differential equations analytically [25] [26] [27] .
Mathematical formulation
Consider the steady two-dimensional magnetohydrodynamic boundary layer flow of an electrically conducting, incompressible viscous fluid over a nonlinear radially stretching surface coinciding the plane z ¼ 0. The flow is generated due to the stretching of the sheet along the radial direction with nonlinear velocity UðrÞ ¼ cr 3 , where c is a dimensional constant. It is assumed that the surface temperature of the sheet is T w with an ambient fluid temperature T 1 , where T w > T 1 . Physical model under consideration is (see Fig. 1 ).
Under these assumptions boundary layer equations which govern the flow and heat transfer of a viscous fluid are [19] 
with u and w be the velocity components along the radial and axial directions, respectively, m ¼ The corresponding boundary conditions for the momentum equation are
Now by introducing the following dimensionless transformations
Keeping in view Eq. (5), Eq. (1) is identically satisfied while the momentum Eq. (2) along with boundary conditions in Eq. (4) reduces to the following:
is the magnetic parameter. Eq. (6) possesses the closed form exact solution of the form
This solution also satisfies the boundary conditions in Eq. (7).
Solution of heat transfer equation
In order to solve the temperature Eq. (3) we consider two general cases of non isothermal temperature boundary conditions namely (i) Prescribed surface temperature (PST) (ii) Prescribed heat flux (PHF)
(i) Prescribed surface temperature (PST) case
In PST case we employ the following surface boundary conditions on temperature:
where T w and T 1 are the temperature at the wall and temperature far away from the wall, A is the constant whose value depends upon the properties of the fluid. In order to obtain similarity solution we define the non-dimensional temperature variables as
Making use of the transformations (5) and (10), Eq. (3) reduces to the following non-dimensional form:
where Pr ¼ is the Eckert number. The non dimensional form of the corresponding boundary conditions (9) is
By introducing new variable n ¼ À3
Pr b expðÀbgÞ, Eq. (11) along with boundary conditions (12) takes the following form: where M is the Kummer's function [28] and is defined as
We can see that above series converges for all values of jZj using ratio test. Now to find the particular integral we take h p ðnÞ ¼ Cn 2 and found that
By making use of boundary conditions given in Eq. (14) and changing the variable n to g, we get the following solution in the form of confluent hypergeometric function:
where c 1 is given as
The physical quantities of our interest include the local Nusselt number N u defined as
where q w ¼ Àk 1
is the wall heat flux. In terms of dimensionless variables we can write
where Re ¼ rU m is the local Reynold's number.
(ii) Prescribed heat flux (PHF) case
In PHF case we use the following surface boundary conditions on temperature:
where E 0 is constant whose values depend upon the properties of the fluid. By introducing the following dimensionless temperature variable
By virtue of Eq. (26), Eq. (3) along with boundary conditions in Eq. (25) reduces to the following dimensionless form:
g g ð0Þ ¼ À1 and gð1Þ ¼ 0:
Utilizing the transformation n ¼ À3
Pr b 2 expðÀbgÞ in Eqs. (27) and (28), we get the following boundary value problem: 
The analytic solution of Eq. (29) subject to the boundary conditions in Eq. (30) in terms of confluent hypergeometric function of the similarity variable g is given by
where where expression of c 1 is defined in Eq. (22) . The dimensionless wall temperature is given by the following expression:
while the expression for dimensional wall temperature is
Results and discussion
Momentum and heat transfer in a boundary layer flow of viscous fluid over a nonlinear radially stretching sheet is investigated in this article. The governing highly nonlinear boundary layer equations have been converted into a set of non linear ordinary differential equations by applying suitable similarity transformations. The exact solution of the reduced problem is obtained in terms of confluent hypergeometric function. Different analytical solutions for non dimensional temperature profiles are constructed for two general cases of boundary conditions namely prescribed surface temperature (PST) and prescribed heat flux (PHF).
In order to have some inside of the heat transfer characteristic, results are displayed graphically for different choice of physical parameters in Figs. 2-5. Fig. 2 reveals the effects of Prandtl number Pr on the temperature distributions hðgÞ and gðgÞ for both PST and PHF cases. We can observe that temperature profiles hðgÞ and gðgÞ and corresponding thermal boundary layer thickness decrease with an increase in the values of Prandtl number Pr. Physically, Prandtl number Pr is the ratio of momentum diffusivity to the thermal diffusivity. Therefore fluids having lower Prandtl number Pr will possess higher thermal conductivities, so that heat can diffuse from the sheet faster than those fluids having higher Prandtl number Pr.
In order to know the effects of Eckert number Ec on the temperature profiles Fig. 3 is plotted. From this figure it can be noticed that an increase in the Eckert number Ec results the enhancement in temperature profiles hðgÞ and gðgÞ and thermal boundary layer thickness for both PST and PHF cases. This behavior of temperature enhancement occurs as heat energy is stored in the fluid due to frictional heating. So, we can say that the cooling process can be made slow down by strong frictional heating. Fig. 4 describes the effect of Prandtl Pr and Eckert number Ec on the dimensionless wall temperature gradient (heat transfer rate) Àh 0 ð0Þ for PST case. We notice that heat transfer rate decreases with an increase in the value of Eckert number Ec. This is because of the fact that greater value of Eckert number Ec indicates more energy dissipating in the boundary layer; An increasing the values of Eckert number; consequently, the fluid temperature increases and the heat transfer rate decreases. It is also noted that a significant increase in the Eckert number Ec might reverse the direction of heat transfer rate to the stretching sheet. Also an increase in the Prandtl number Pr results the enhancement in heat transfer rate. To observe the effects of Figure 5 Influence of the Prandtl number Pr and the Eckert number Ec on dimensionless wall temperature for PHF case when M ¼ 1 is fixed.
Prandtl Pr and Eckert number Ec on the dimensionless wall temperature gð0Þ for PHF case, Fig. 5 is sketched. It is observed that as the value of Prandtl number Pr increases the dimensionless wall temperature g 0 ð Þ decreases. Increasing values of Eckert number Ec leads to enhancement in dimensionless wall temperature g 0 ð Þ.
Concluding remarks
A mathematical investigation has been carried out for heat transfer in an electrically conducting viscous fluid over a nonlinear radially stretching sheet with viscous dissipation under different generalized boundary conditions in PST and PHF cases. By invoking suitable similarity transformations the governing nonlinear partial differential equations were reduced into ordinary differential equations. The exact solution of the reduced heat equation was derived in the form of confluent hypergeometric function for both PST and PHF cases. Effects of the pertinent parameters on the temperature profiles were shown graphically and discussed in detail. Heat transfer at the wall was also obtained and shown graphically. One may conclude from the analysis of the results that
Temperature profiles hðgÞ and gðgÞ were the decreasing function of Prandtl number Pr.
The effect of Eckert number Ec on thermal boundary layer thickness for PHF case was more prominent as compared to PHF case. The local Nusselt number was increased for incremented values of Prandtl number Pr. The dimensionless wall temperature gð0Þ was found to be increasing function of Eckert number Ec.
In future the same problem can be extended to power law fluid model [29, 30] .
